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Classification of orientable closed surfaces

Conway:
sphere 1

‘ ; ') torus o
[
v two handles 00

h handles 0...0
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e * - Classification of non-orientable closed surfaces

Computer Science

Sphere Mobius strip Sphere with

Cross cap
Remove disk Glue along

boundary



Classification of non-orientable closed surfaces

sphere & cross cap projective plane Conway:

X

sphere & two cross caps  Klein bottle

XX




Classification of non-orientable closed surfaces

Conway:

XXX
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it ® Classification of closed surfaces

eeeeeeeeeeeeeee

Theorem

Any connected closed surface is either a

* sphere, 1
* sphere with h > 0 handles, or 0...0

* sphere with k> O cross caps. X...X
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it ® Classification of closed surfaces

eeeeeeeeeeeeeee

Do not need to combine both handles and cross caps

 Non-orientable surface:

e Can replace one handle by two cross caps:

000X L maseneny XXXXXXX

(4
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L Surfaces with boundary

Example: sphere with three disks removed

* %%
Example: two-handled sphere
with four disks removed
/ \ . OO****

pQ
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Computer Science

Mobius strip



Classification of surfaces

Theorem

Any connected surface, closed or with boundary, has
Conway (orbifold) symbol

. 1 sphere

e sphere with b disks removed

c 00....% __ or sphere with h handles,
| and b disks removed

- *F L XX... . sphere with k cross caps,
and b disks removed



Two-dimensional orbifolds

Orbifold = orbit manifold, W. Thurston

Add finite
set of points,
with labels > 2

o** 0227%**2424
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Two-dimensional orbifolds

Computer Science

Gyration

"~ Corner

0227**2424

An orbifold is a topological space together with an
“orbifold structure”, but we skip the details here.

Daniel Huson. 2020 J.H. Conway and D.H.H. (2002) Orbifold notation for two-dimensional groups.

14
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TG Conway’s orbifold notation

Computer Science

\ ) \ ) \
Y Y Y

0...0ABC...*abc...”rpq...”.. . X...X

handles gyrations corners  corners Cross caps

Daniel Huson. 2020 J.H. Conway and D.H.H. (2002) Orbifold notation for two-dimensional groups.

15
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e Symmetry groups

eeeeeeeeeeeeeee

« We will consider 2D symmetry groups with compact
fundamental domain.

* Example: symmetries of an object, acting on an

enclosing sphere:
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Computer Science

“surface / group”
Quotient topological
space of orbits

sphere 1 4 *44




Symmetry groups and orbifolds
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Y Symmetry groups and orbifolds

Computer Science

N

2*99
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it Symmetry groups and orbifolds

Computer Science

XK
X
» 4P ¢
*He®

Daniel Huson, 2020

21
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Symmetry groups and orbifolds

Darkdadaah, Wikipedia

4*3

23
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Y Symmetry groups and orbifolds

Any 2D orbifold with symbol
0...0ABC...*abc...*rpq...*...X...X

can be obtained as
S?/an orthogonal group,
E?/a crystallographic group, or
H? / a NEC group,

except for the “bad orbifolds”

p, pq, "pand *pg  (withp, g=>2, p# Q).
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20X
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*532 *632

Daniel Huson, 2020

Periodic tilings

25
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Equivariant tiling (T.I"):

e Tiling T

* Prescribed symmetry

group [
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Computer Science

e How to capture the combinatorial structure of such a
tiling (T,1) ?




Combinatorics

Barycentric subdivision:

or.

\\ >/ 7\ >/ 7\ >/ set of chambers,

KX

set of flags:
(AN AL —he
AXANAY [
A XL

(v,e,l
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Combinatorics

Computer Science

e Consider orbits under symmetry group [ :
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Combinatorics

Computer Science

* Neighborhood relationships:
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Combinatorics

Computer Science

* Face degrees and node degrees:




Delaney-Dress symbol

Delaney-Dress symbol (D,m):

e D = set of nodes

m ’ * 2 = <0p,01,02> set of edges
m (involutions)

>

e face degrees

- mo1: D= {12,

m e node degrees:

- mi2: D - {34,

+ conditions
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Lemma (A.W.M. Dress)

wo equivariant tilings (T3,71) and (T2,2)
are equivalent, iff their Delaney-Dress
symbols (D1,m1) and (D2,mz) are
ISomorphic.
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Simple properties

Equivalence classes of

e tiles:

e edges:

* vertices: 1-2-components

O-1-components

0-2-components

Here:

* tiles: 3
* edges: 2
e vertices: 1

o Y—— o —
1 2 < ) 1 I 2
L d I S
o -
\ N v :
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e Euler characteristic
e Curvature
» Geometry

e Orbifold name
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N Advanced properties
Curvature:
1 1 1
H(D,m)= ) ( | )
mo (D) m(D) 2

DeJ

determines geometry:
> 0: spherical
= 0: euclidean

< 0: hyperbolic
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Difficult property:

Computer Science

 Tiling is pseudo convex if the intersection of any
two tiles Is either empty or connected:

Daniel Huson, 2020 38



Simplest property

* |'D| “Dress complexity”



Dress complexity [D|=1:

b2k

p=2,qg=3
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e Dress complexity |D|=1:

* p = 2: always spherical:

1
%(@,m)=2 =—>0

41



Dress complexity |D|=1:

1 1
e p=39=3 H(D,m)=—+ =—>0
e q (S, m) 3 T3 57%

* We have: g =3, 4,5 spherical

42



Dress complexity [D|=1:

1 1
-pz&q:G:g%ﬁ%n0=§~F6 =—=0

*632




EBERHARD KARL! S @R
UNIVERSITAT &
TUBINGEN .

e, Dress complexity [D|=1:

*732




Geometry minimal

e (‘D,m) is geometry minimal if either spherical with
vo1(D) < 5 and vi2(D) < 5, or euclidean, or hyperbolic
and can’t reduce vo1(D) or vi2(D), for any D € D,
without changing sign of curvature (i.e. geometry)

3,10
*(10)32
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All geometry-minimal with |D|=1: -30a:3

<

12
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All geometry-minimal with |D|=2: ¢-sa>3

Daniel Huson, 2020 47



T A GALAXY OF PERIODIC TILINGS

Computer Science

 All geometry-minimal with |D| < 24 :

2,395,220,319

e of which:
2,155,818 are spherical and
1,728,488 euclidean.
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eeeeeeeeeeeeeee

* Orderly generation

e Program written in Julia

 Takes a few hours for |D| < 24
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Visualization and exploration

Tegula 0.0.0alpha P o5 ; . ,_;'

&% Y
Tegula &= 4=

!

by Daniel H. Huson and Riidiger Zeller Com
based on code by Klaus Westphal, with "‘~?.,7‘.*_7gﬂ_-f‘"

contributions from Julius Vetter & Cornelius Wiehl.

TegulaDesign 0.0.0alpha

‘."‘ *

TegulaDesignic+;

by Daniel H. Huson and Riidiger Zeller, based on code by Klaus Westphal, ~-‘ ‘
with contributions from Julius Vetter and Cornelius Wiehl.

with Rudiger Zeller

51
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* Interfaces database of Delaney-Dress symbols
e Supports complex queries

* Algorithm for constructing fundamental domain

* Algorithms for copying fundamental domain
* Euclidean, spherical and hyperbolic geometry

e User interaction
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| v | Found:5214516 ()

<Wlz2)a]ia)ls e )iz ]l o ]][>)
1/248311

Daniel Huson, 2020
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®Oe + TegulaDesign 5
i= = = -4

tilings-1-18.tdb X
¥ Select complexity >0 v Found:5,214516 ()

v | Euclidean
v/ | Spherical
v | Hyperbolic

Symmetry class v

= Normal

= Self Dual

= Maximal symmetry
= Orientable

= Has reflections

Bl 2 asllallslle]|z]s]sl0]»
1/24831

4.7 of 21.5G

Daniel Huson, 2020 54
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®0e ~+ TegulaDesign 5

tilings-1-18.tdb X

v Select

Found:295 ()

= Normal

= Self Dual

= Maximal symmetry
= Orientable

= Has reflections

4123'{45678910)

4N15
5.50f 21.5G

Daniel Huson, 2020 55
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®0e
as || B8 =
tilings-1-18.tdb = tilings-1-18:17617 X
¥ Symmetries
*532
3 - 4+
1 =P
2 - ++
1 - | ++
1 - 4
1 - 44
1 - 4+
5 - 4+

¥ Fundamental domain

Update

Tegula

+ TegulaDesign 5

n:12 t:4 e:4 v:4 g:*532 max normal (objects: 3,603)

¥ Appearance
Color scheme
picnic v
Faces ' Backs

. #a5ab91

4

4

W #415440
W #b78249

4

4

W #608880

v/ Smooth

Background
White >

» Algorithms
5.6 of 21.5G
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LN ~+ TegulaDesign 5
= al|® e

tilings-1-18.tdb | tilings-1-18:17617 X

v Symmetries v Hypefbolicmodel ' ¥ Appearance
*543 . Color scheme
3 - 4+ picnic v
1 =t  Faces | Backs
4 e W #a5ab91  ~
L W #415440 ~
1 - | ++
B #b78249 ~
1 - 4+
W #608880 ~
1 - 4+ -
5 - 4+ W
Permute
Edges | Backs
Width 4 -2
M Black v
0
v Smooth
Background
White v
» Fundamental domain n:12 t:4 e:4 v:4 g:*543 max normal (objects: 3,603) » Algorithms
5.8 of 21.5G

Daniel Huson, 2020
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e e
= a | e

tilings-1-18.tdb = tilings-1-18:17617 X
¥ Symmetries

*543
3 —
1 =
4 —
1 =
1 ==
1 -
1 —
5 =

» Fundamental domain

Tegula

-+ TegulaDesign 5

n:12 t:4 e:4 v:4 g:*543 max normal (objects: 3,603)

¥ Appearance
Color scheme
picnic %
Faces | Backs
I #a5ab91  ~
W #415440 ~
W #b78249 ~
M #608880 ~
O
Permute

" Edges | Backs
| Nodes | Backs

Width 4 -2
M Black -
v/ Smooth

Background
White v

» Algorithms
5.9 of 21.5G
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@

)

a|\e| |

tilings-1-18.tdb X
> Select

Search...

Using Tegula

+ Untitled - TegulaDesign [1]

v | Found:5214,516 ()

1. n:1 t:1 e:1 vi1 g:*332 max

7.n:1t1 e vi1 g:*442 max

-

\ ey

13.n:2t:2 e:1 vi1 g:*332

2.n:1t1e:1vi1g:*432 max

8. n:1t:1 e:1v:1g:*542 max

14.n:2t:2 e:1 v:1 g:*333

3.n:1t1e:1vi1g:*532 max 4.n:1t1e:1v:1g:*632 max 5.n:1t1e:1v:1g:*732 max

Y/
Y XY T
YL D

11.n:1 t:1 e:1 v:1 g:*632 max

9. n:1t1 e:1v:1g:*532 max 10. n:1 t:1 e:1 v:1 g:*542 max

15.n:2t:2 e:1 vi1 g:*433 17.n:2 t:2 e:1 vi1 g:*433 max

16.n:2 t:2 e:1 v:1 g:*432 max

«Wllz]l=]l2]ls][e][z][e][2][x][>]

1/289696

6. n:1t1e:1v:1g:*432 max

12.n:1 t:1 e:1 vi1 g:*732 max

18.n:2t:2 e:1 vi1 g:*442

4.10f21.5G

Daniel Huson, 2020
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* Orbifold notation for 2D symmetry groups
* Delaney-Dress symbols for equivariant tilings
* A galaxy of periodic tilings:

2.4 billion 2D tilings with Dress complexity < 24

* Tegula software
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Tegula runs on Linux, MacOS and Windows

tegula.husonlab.org



